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ON THE POINTS OF WEIERSTRASS IN
DIMENSIONS GREATER THAN ONE(1)

BY
ROY H. OGAWA

ABSTRACT. In this paper, the classical concept of Weierstrass points on
a Riemann surface is generalized to the consideration of similar points asso-
ciated with a holomorphic vector bundle E over a compact complex manifold M.
These points are invariants of the pair (E, M). The study of these general
Weierstrass points is then initiated in this paper by deriving some results about
the relationship of the points to singular sets of holomorphic mappings of the
manifold to Grassmann spaces associated with the vector space of sections of

the vector bundle. The accessibility of the point sets are demonstrated with
some examples.

0. Introduction. The purpose of this paper is to generalize somewhat the
definition of Weierstrass points used in the theory of compact Riemann surfaces,
and the work of J. Lewittes (see [Lw]) in showing them to be related to a se-
quence of Kdhler metrics which he constructed on Riemann sutfaces.

The classical theory of Weierstrass points has played an interesting role in
the study of Riemann surfaces. Especially when related to the principal mapping
of Noether.

If M is a compact Riemann surface of genus g >1, its canonical bundle K
has a g-dimensional space of sections I'(K). For any p in M, we can choose a
basis @, ++,®, which has orders of vanishing at p

1) 0= vp(col) < vp(wz) <eee< vp((og) <2 -1,

b is a Weierstrass point if v,(@,)>g~1. (See Gunning [G] for further details.)

These points are finite in number, the number being between 2(g + 1) and
(g-1)glg+1)

They are invariant under holomorphic automorphisms of M.

For each p € M, there is always a section in I'(K) which does not vanish at
b, and the subspace of I'(K) consisting of sections which vanish at p has dimen-
sion g - 1.

Consider the map of M into the Grassmannian of g -1 dimensional
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402 R. H. OGAWA

subspaces of I'(K), which is the projective space P(I(K)), defined by taking each
p in M to the subspace of I'(K) which vanishes at p. This map is holomorphic
and is called the principal mapping of M. The singularities of this mapping are
the points where, in the sequence (1), v p'(“’z) > 1. These points are certainly
Weierstrass points.

The more recent work of Lewittes gave geometric meaning to the other Weier-
strass points. He constructed a sequence of generalizations of the Bergman-
Kobayashi metrics on Riemann surfaces. The jth (where 1 <j< g-1) is defined
at points p where, in the sequence (1), v, (o) =j-1.

The points where the curvature of the metric is negative are those p where
in addition, in the sequence (1), v p(wj +1) = j. All other points have zero curva-
ture.

In this paper, we generalize the definition of Weierstrass points to the situa-
tion of a compact complex manifold of dimension n, and an arbitrary vector bundle
E, as long as I'(E) is nontrivial. This is done in §2, after a review of the defi-
nitions and properties of jet bundles in $1.

In §3, we consider associated principal mappings into Grassmannians where
we prove our main theorem relating the singular sets of the mappings to the sets
of Weierstrass points. We point out the relationship with the work of Lewittes, a
little of which was mentioned above. Actually the metrics we discuss are his
curvatures. His situation on a surface lends itself to more structure for the money
than we can buy in higher dimension.

In §4, we give some examples, showing the accessibility of the points to
computation.

The author wishes to acknowledge his debt to his friend and advisor, Pro-
fessor S. Kobayashi.

1. The k- jet bundle J®E). In this section we briefly review the construc-
tion that is basic to the discussions of this paper. For more details and proofs,
see Chapter IV of Palais [Pal.

1.1. We use the multi-index notation throughout:

p= (#L- I‘z’ < pn) where each p, is a nonnegative integer

1,

zH = . z
dzt" = (dz )” Ydz, )fu'2 e (dz, Y (symmetric product)
|#| DY

=17 !

c(,l, a) (u=- o)/ plot!
1.2. Let M be a complex manifold of dimension 7 and € be the sheaf of
germs of holomorphic functions on M with stalk p over p in M. Let w: E—M
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be a holomorphic vector bundle over M with fiber rank r and Q(E) be the sheaf
of germs of holomorphic sections of E over M with stalk { p(E ) over p in M.
Q(E) is a locally free analytic sheaf of Q-modules over M,

Fix an arbitrary point p in M. Let m, be the unique maximal ideal of Q »
consisting of all the germs which vanish at p, i.e. the nonunits of the integral do-
main p» If U is a coordinate neighborhood of p with coordinate function z =
(z)» 2,54+, 2,) centered at p, i.e. z(p) = (0, 0,- -, 0), then the elements of Q,
are representable by power series El pl>0 @ #z”' which converge in some neighbor-
hood of p in U. The elements of m
series of the form 2|F~| 19,/ zH,

, are those germs representable by those

1.3 For integers k>-1, we consider the ideal mﬂ 1, where mg = QP' The
elements of m:*l are those in , represented by 3 2kal_,.z"'.

Define the submodule Z" of Q o\E) by Z’e ’“l Q,(E)

Now define Ip kE)=0 (E)/ Z for k>-1. We arc 1dent1fymg germs of sec-
tions of E at p, wl'uch in some local representation, have the same derivatives
of order less than or equal to k. These derivatives then give a local trivializa-
tion of J*(E)= U peml ';(E ) which makes it a holomorphic vector bundle of fiber
rank R, =71 Cln+ k,n) where Cln+ k,n) = (n+ k)/n%!. Note that J~1(E) =0
and that J°(E)=E.

1.4 We have the natural homomorphisms

iy Q(E) — ]’;(E), ks UE) — JYE), and j*: T(E) = D(*E)
where I'(E) denotes the vector space of holomorphic sections of E over M.

Since mt Dm';"‘l, we have, for each & > -1, an induced homomorphism of
vector bundles

"k+1.le: jk+I(E) __.]k(E)’

which is analytic and surjective.
1.5. Letting T* denote the holomorphic cotangent bundle of M and S*¥(T*)
its kth symmetric power, we have an injection (see Palais [Pa])

0 — sk*U(T*) ® E — JRHI(E),

The homomorphism is defined locally as follows: Let p be a point in M, z =

(zl 1Zy00 s zn) be a local coordinate system centered at p, and lvl YU 0ty u'f
be a local basis for E near p. Thus each v, is a section of E in a neighborhood
of p in M and the set lv,(9), v,(g),+ -, v (g} is a basis for the vector space E,
for ¢ in some nelghborhood of p. Map the element (dz") ® v (p), where lul =

k+ 1, of (SE*U(T*) @ E ) to the equivalence class in Q (E)/ Z"*l represented
by the local section z"v of E in some neighborhood of p Extend this map by
linearity to get the desxred homomorphism of vector bundles.
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Clearly (from the construction), the image of (S¥+!(T*) ® E)p is Zz/Z:*l,
so that we have the short exact sequence

(1) 0 =S @ E — 1 (E) — JME) —o0.
The discussion also gives the exact sequence

(e2) 0— z’;“ - z’; — (MM ® E), = 0.

2. Weierstrass points. Let M be a compact complex manifold of dimension
n, E a holomorphic vector bundle on M with fiber rank r, and I'(E) the vector
space of holomorphic sections of E. Since M is compact, I'(E) has finite dimen-
sion. We assume that the dimension of I'(E) is nonzero. Let H be a nontrivial
linear subspace of I'(E) of dimension .

2.1. Foreach p in M and each integer &> -1, define H*! to be the ker-
nel of the kth jet evaluation map at p, j: tH—] ';(E ). We remark that this is the
inverse image of Z'; in the homomorphism H — Q (E) which takes the section to
its germ at p. The definition is equivalent to the exactness of-

(e3) 0— H:"l —H —o]:(E)
which parallels (el).

Proposition. (i) For k>-1, H’;*l D H:*z.
(ii) There is an exact sequence

(e4) 0 — HEYZ — gt — (sP*U(TY) ® B),,.

Proof. (1) is clear from the remark after the definition and the fact that Z:
>z,
First we define the last homomorphism in (e4) to be the dashed arrow defined

by the diagram:
k+2 k+1
0—=H"" — H, N

AN
\

)
0 — Zk+1 — ZR*2 _, (skt1(T¥) ®E), —0

The exactness of the sequence (e4) then follows by examining the above diagram
and using the remark after the definition of H';"’l. Q.ED.

The exact sequence (e4) parallels (e2).

2.2, For those &, satisfying R, < b (where R, = rCn + k, 7)), define

Wk(H) ={pem| j:: H -»]:(E) is not surjective}.

So for p not in W,(H) we have the exactness of
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(e5) 0—HEM —H JHE) — 0.
We also have the

Proposition. For p not in Wk(H), where k> 0, we bave the exact sequence
(6) 0 = HE S HE — (sSHTM ®B), — 0.

Proof. We start with (e4) and show surjectivity of the last homomorphism.

Consider the diagram

0
!

(S*(T™) ®F),

i* !
0 —»H’;”—-» H-2 ]’;(E) —0
|
]’;"(E)

l
0

The image of H: by i’; in ]t(E) is identical with the image of
(s*(T*) ® E), by the injection. Q.ED.
For those &, satisfying R, > b, define

W (H) =1peM| j:: H— ]’;(E) is not injective}.
Generally then we will say that W, (H) is the set of p in M where j:: H— ]:(E)

is not of maximal rank. W, (H) is called the kth order Weierstrass set for M, E,
and H.

2.3. Corollary. (i) W_,(H)= 2.

Gi) If Ry<Ry, < bsthen W (H) C W, (H).

(iii) If b<R,<Ry,,, then W, (H)DW, , (H).

(iv) If HyCH, and Ry < by <bh,, then W (H,)DW, (H,)
(v) If Hy CH, and by <b,<R,, then W, (H)C W (H,).

Proof. Since ];I(E) =0, (i) is obvious.
The diagram
H— Jk1(E)

\ |
]’;(E)

gives (ii) and (iii) immediately.
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The diagram

gives (iv) and (v) immediately. Q.E.D.

Thus if &' is the greatest integer satisfying R, < b, we have the two chains
g=W_[HCW HC...C W/.'(H)
and
Wk"l'l(H) D) Wk:+2(H) Devee

It is quite clear that there need be no inclusion relationship between ka(H)
and W, ,(H).

2.4. Proposition. The W, (H) are analytic subvarieties of M.

Proof. In fact, consider the trivial bundle M x H and the obvious bundle map
i*:Mx H — JX(E). Then for m = min (R,, b), take the mth exterior power
bundle map A™ % A™ (M x H) — A\™ J*(E). This gives a section A™ j* of the
bundle

Hom (A™ (M x H), A" JRE)) =~ (A™ (M x H)* ® A\™ JME)
whose zero set is W, (H). (The asterisk denotes the dual bundle.) Q.E.D.

2.5. We remark that the sets Wk(H) have a finer structure. For each %k and
integer u satisfying 0 < u < R, define

W:(H) ={peM| rank(j:: H -v]:(E)) < min (z, b)}.
Then W, (H) = WZ(H) for u=Ry,and Wi(H)C WZ“(H) for u<u+1<R,.
Proposition. The Wi(H) are analytic subvarieties of M.
Proof. As above, Wi(H) is the zero set of the section
A" % € DUA™M x H))* ® A™J*(E))
where m =min (z, »). Q.ED.

3. Maps into Grassmannians, semi-Kihler metrics. In this section, we again
assume that we have a compact complex manifold M, a holomorphic vector bundle
E with nontrivial vector space of holomorphic sections I'(E), and a nontrivial
subspace H of I'(E). We then construct a mapping of M—W, (H) into a Grassmann
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space associated with H. By pulling back to M~ W, (H), any metric in the Grass-
mann space then gives a semimetric on M~ W, (H).

3.1. First, we need notation for Grassmann spaces. Let V be a vector space
of dimension b. Let x, y be nonnegative integers with x+ y = b. Let Gr (V)
be the Grassmann manifold of x dimensional subspaces of V.

We construct the standard atlas on er'y(V). Let V', and V" be complemen-
tary subspaces of V of dimensions x, and y respectively, so that V=V'@® V",
Consider the set UV"V" of x dimensional subspaces S of V such that the pro-
jection of V onto V' maps § bijectively onto V'. Then assign to each such §
the element in the space L(V’, V") of linear mappings of V' into V" which is the
composition of the linear mapping V' — S, inverse to the isomorphism given by
the projection of V onto V', and the linear mapping § — V" which is the restric-
tion of the projection of V onto V". This mappmg Uyt — LIV, V") =
V'™ ® V", together with any isomorphism of V'* ® V" thh C*¥ gives a chart for
an atlas for Gr, ’y(V), the other charts coming from varying V' and V", making it
a compact complex manifold of dimension xy.

Let B, (V) be the vector bundle of rank x over Gt y(V) whose points con-
sist of paer (S v), in the trivial bundle G_ (V)x v, fo: which v is in S. This
is the so called tautological vector bundle over Gr, (V) Letting O (V) de-
note the quotient bundle Gr, (V) x V/B, (V) we get the following bundle exact
sequence i

0—B, W) =G, (NxV—-0 (V)—0

over Gr, (V), called the canonical sequence.

3.2. If V is equipped with a hermitian metric, then Gr, (V) is givena
Kihler metric defined by the fundamental form  which is defined as follows. We
write the representative of  in UV',V" by choosing orthonormal bases for V'
and V" and then defining

™) 0yt (8) = —4V71 90 log det (I, + Z'(5)Z'(5))

where [+ is the identity matrix, Z'(S) is the matrix of the map Z(§): V' — V"
and ‘Z'(S) is the matrix of the adjoint of Z(S), the matrices being representatives
with respect to the chosen bases. This C* form w of type (1.1) is independent
of choice of orthonormal basis, is positive definite, and defines a Kihler metric
on er'y(V).

3.3. Return now to the consideration of an n-dimensional compact complex
manifold M, a vector bundle E of rank r over M, the vector space I'(E) of holo-
morphic sections of E over M, which we assume to be nontrivial, and a subspace
H of T'(E) of dimension b # 0.

For each k with R, < b and pin M- Wk(H) we have the b - R, dimensional
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subspace H’”l of H. This defines on the one hand, a holomorphic vector bundle
HE+L of rank b~ R, over M- W, (H),whose fiber over p in M- W, (H) is H’“’!
and on the other hand a holomorphlc mapping

Nk(H): M.~ Wk(H) — Gr H)

(
h=RR,

called the kth associated principal mapping. We have the following commutative
diagram:

k+1 -1
H*Y = N, (H) Bh__Rk.Rk(H)——»Bb -RR, (1)

M- W (H) = Gry_r, R, (H)
3.4. At the points in M - W (H) where N, (H) is an immersion, any metric on
the image will be pulled back to a metric.

Theorem 3.1. For k>0, with Ry, < b let S.\H) be the set of singularities

of the map N (H). Then we bave the inclusion S,(H)C Wk“(H).

Proof. Let p be a point of M - W,“I(H). We examine dN,(H)(p).

Choose a coordinate system in a neighborhood G of p, centered at p. Thus'
z=(z,,2,,++,2,) is defined in G and 2(p) = (0, 0,---, 0).

Since p isin M- Wk...l(H)’ itis in M- Wm(H) forall 0< m< k+1, in par-
ticular, for m = 0. Thus there are sections ‘1’1" . ,@r or E such that the values
®, (). ®_(p) are linearly independent in E, and gives a basis of E,. This
is an open condition so that ®,(g),+-+,® (¢) gives a basis of E_ forall ¢ in
some neighborhood of p. Let G be made smaller so that this is true in G.

Choose a basis for H in the following manner. First include the elements
®,,.-+, . Again, all of the [7': H — J/(E) are surjective for m, 0<m< k+1,
since p is not in W, ,(H) D W, (H) D-.. DW,(H). Forall such m then, we have (6)

0 -*H'"” — Hy —(S™(T") ®E), —0.

For each such m then, we can choose ®j l’q)R,,,- 27t ,(II;e to be ele-
ments of H7 whose images in (s™(1%) ® E ) are the elements (dz") @ ,(p)
for all p thh |pl=mand 1<i<r, ordeted lexicographically in the (n + 2)-
tuple G, |pl, p).

Then define (I)qu»l’q)qu»Z’“"q) to be

Ri 41
®l
9 .
Rin
Next, starting with m = k and decreasing m until m =1, define for ,

R, _,+1<usR,,

9 ’
N g oo
Rk+l Rk+2
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¢
q)u = (Du - Zauvq)u’

where the summation is over all v, R, <v< R, + and the @  are the constants
chosen so that if u corresponds to the (n +2)-tuple (i, m, p) then @, —2#®, s in
H""2 (In fact if v corresponds to the (z+2)-tuple (j, |v|,v), then @, is the
coeffxcxent of the z"(b term of the expansion of @, in 2, and the ®,,.-+,®.)

Finally, choose (bRk y +l’®Rk a2 »®, to be a basis for H""‘2

Let H' = H""l and H" be the subspace of H spanned by QI,H- ,<I>
Thus § » | y" is an isomorphism of H" with ] (E).

Now, if p' is in G we need to know the telatxonslnp between Hk"'l and
H""l in order to construct the local coordinates of the H%}! in the standard chare
in Uyt yu. Let G be made small enough so that H'“"’1 is in Ugo o for all '
in G. Then, to construct the linear map of H' mto H corresponding to I-l""’l
for each p' in G, we will take a basis of H L split its elements into H' and
H" components, and then map each H' component into the corresponding H" com-
ponent. In more detail, for all v, R, <v< b,

Rk '
$v = (Dv + uZ=l zuv(p )(Du

where the Z (p ) are constants chosen so that the <I> lie in H%*! and thus
will span H"Tl That this is possible is a restatement of the fact that H'“l and
H are complementary direct summands of H, that the ®  have the (D as ptOJCC-
tions in Hk. , and that the <I> span H’”’ since the (Du, 1<u¥< Rk' span H"
Then the map H' — H" in L(H H") cortespondmg to H k}"l is defined by lin-
early extending the map of the basis elements
Rk
(Dv —ouzl Zw(p')Qu, RkSva.

This has the matrix (Z, (p")).
Next, we need to calculate, in the local coordinates z = (zl, Zyyeee,y z")
centered at p, the n x R (b — R,) Jacobian matrix
(D'Zw(p)), 1<j<m 1<u<R, R <v<h

We accomplish this by the technique of implicit differentiation.
First, let

()= X a' z(q)“(b {g) 1<v<bh,
i1 140

where the convergences are good in (a possibly smaller) G.
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Then
R
r . k r
® (9)= ! (9D (q) zZ () (9)® (q)
Uq ;—l I;ﬁoay#q lq +£ uvp igl |£oaulqu lq

for R, <v<h. But @ (g) vanishing of order & at p' implies that, for each
multi-index o, with | 0| < k,each i, and each v, R, <v < b,

0=D° |;§zo a"mz(q)“ + ,,Zﬂ Zuv(p') %o a;#z(q)”' }(p’)

=y afl,uC(p, 0"+ 3 Z, (o) > au#C(p., a)z(p' V.
p2o u=1 H20

Now, differentiate with respect to z ,.(p') for each j, 1 < j< n,and evaluate at p
to get

. o=-8, , ,
0= 3 @ - 0)Cs k@ T4 ¥ Diz, () X af Clu elplC
uzo u=1 2o
R
k s .
+ 3 2,0 ¥ (h-0)Caap) U,
u=1 u2o

But, since Zuv(p)= 0 for all u, v and z’.(p)= 0 for all j, 1 <.j<n, we have the
equations
Ry
0= a.:w,rSiC(a +8,0)+ uz=:1 D'z (p)o
or
R

. ko, ,
0= (0". + l)a:10'+ 8’. + ZI.D]Zuu(p)a:to
u=

satisfied by the components Dquu(p) of the Jacobian matrix.

We are interested then in the rank of this Jacobian matrix.

First, by our choice of basis, if # corresponds to the (n +2)-tuple (/,{A|sA),
then

1 ifi=1, A=o,
“ (0 otherwise,
so that we get
iz, (p)=-(a + 1l , 5

where u corresponds to (i, |o|,0). Also, since aic+ 5" 0 if “”‘3,-‘ <k+l,we
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have Dquv(p) =0 for u corresponding to (i,| 0|, 0) and any v, when |0+ 5’,| <
k+1l,ie.|0| <k

Finally, when v >R, ., the element ®_ is in H’;*z, and we have a:;,*sj =0
for |o| < k.

So the only possible nonzero columns of the Jacobian matrix (Dquv(p)) are
those for the pairs # and v with # corresponding to (i, &, 0) and v satisfying
R, <v< Rk+1' These number

(R, ~R,_ MR, =R)=r.Clu=1+kn=1)Cln+k, n-1)

in all.

Clearly, if R, ;< b and p is not in W, (H), there are at least n linearly
independent columns, the Jacobian matrix is of rank 7, and p isnot in § k(H)'
Q.ED.

From the proof of the theorem we can conclude the following.

Corollary 3.2. If the vector bundle E is in fact a line bundle, and b > Ry,
then S (H) = W, (H).

Corollary 3.3. If the manifold is of dimension n=1, and b> R, +1 =rk +
r+1, then S,(H) = We  (H) where u=rk+r+1. (See §2 for the definition of
Wi 1 ()

Corollary 3.4. If the manifold is of dimension n =1, the vector bundle E is
is a line bundle, and b > R, +1= k +2, then Sk(H)= Wk...l(H)'

3.5. Now, if H is equipped with a hermitian metric, G'b-Rk,R (H) can be
given the Kihler metric (*), and the pullback w, of ® to M~ Wk(H§ induces on
it a Kdhler semimetric, positive definite on (M - W (H)) = S, (H).

In particular, if E is the canonical line bundle K, the vector space I'(K) of
its holomorphic sections is equipped with a natural hermitian metric given by

(05 0,) = fM O, A\NTy O, o, in ().

In the case k=0, the induced semi-Kihler metric on M - WO(H) is the Kobayashi
generalization of the Bergman metric. (See Kobayashi [K1.)

If M is a curve, E is a power of the canonical bundle, and H is a Hilbert
space, then the Kdhler semimetrics defined by w, are those defined by Lewittes.
See [Lwl)

It M is arbitrary and E is of the form E® K where E is a holomorphic
vector bundle equipped with a hermitian metric, I'(E) can be equipped with a
hermitian metric by (0,,0)= [y (0,,0,), 0,50, in ['(E), where (), 0,) is the
section of K ® K defined by taking the scalar product in the fibers of E o With
values in the fibers of K ® K.
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4. Examples.

4.1. Now we examine some examples. The first examples deal with line
bundles on Riemann surfaces and we need some preparation.

First, we get a result stronger than those of §4, since for Riemann surfaces,
the notion of “‘order of vanishing of a holomorphic function’’ works well.

So, suppose that M is a compact Riemann surface of genus g and that E is
a holomorphic line bundle L on M. Then the rank of ]"(L) is R,=1- Cl +4,1)
= k+ 1. Taking the highest case R, = b, i.e. k=h~ 1, we have the result that W, _,(L)
is the zero set of the section /A?#=1 of the line bundle (A?M x H))* ®
Neyb=1(p),

However, in the case of a line bundle, we have the following.

Proposition 4.1 (see [G, p. 103)). If s is a nontrivial holomorphic section of
the line bundle L over a compact Riemann surface M, then for the first Chern
number of L, c,(L),

CI(L)= Z VP(S),

peM

where v ,(s) is the order of vanishing of s at p.
Thus, we have the following:

Proposition 4.2. If NP jP=1 is nontrivial then the number of Weierstrass
points (including multiplicity) is

2 v, (N P71 = ¢ (AP 1) ® AP J27H(L)) = (g = 1)(b = Db + be (L)
peM

Proof. The first equality is Proposition 4.1.

For the second we have, using elementary properties of c,, linear algebra,
the fact that cl(M x H) =0 since M x H is trivial, and the exact sequence (el)
from §l,

e (N (xc B ®A? JPHLY) = ¢ (N (M B + ;N P71 ) = o (NP P2

b=l
= cl( Q) {(S*(K) ®L)) (since T* — K = canonical line bundle)
1=
b

-1
= Y o (KE®L)= (b= Db (K)/2 + he (L) = (b= Dh(g - 1) + he (L) Q.E.D.
i=0

Note that this formula depends only on b and not on H, except that Abjb=1
must be nonzero somewhere.

In the rest of this discussion of examples, we will take H = I"(E), write
Y(E) for b, and write W, (E) for the Weierstrass sets of M, E, and (E).
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Example 1. M is a compact Riemann surface of genus g and L = K is the
canonical bundle of M. Here, the definition agrees with the classical definition
of Weierstrass points for k&, 0< k< g -1 (see [Lw]and [G]).

The total number of (g = 1)th order Weierstrass points for K, counting order
is, by Proposition 4.2,

(g-1g-1g+2(g-1)g=(g-1)glg + 1),

which agrees with the classical resule (see [G, p. 123]).

For future use, we define: An integer £ >1 is a gap number for a point p in
M if and only if p is notin W,_,(K)=W,_,(K) (W_,(K)=g2).

There are g gap numbers lp.}, 1 <i< g ata point p which satisfy 1 =p,
<py<re<p,<2g (see [G, p. 120]). p is a Weierstrass point if and only if the
gap sequence {p ]} is not 1 <2<...<g. We call the numbers 0,,1< i< g which
are not gap numbers and which satisfy 1 <0,<2g, 0;< 0;,1 the nongap numbers
of p.

4.2. Before dealing with the next examples, which are of arbitrary line
bundles, we review some results on line bundles. (We refer mostly to Gunaing
[G] for proofs. See especially 7 and 10.)

Proposition 4.3. Let L be a line bundle on the Riemann surface M. Let s
be a nontrivial section of L. Then L is isomorphic with the line bundle associ-
ated to the divisor of s.

Proof. Let {U_} be a covering of M over which L is locally trivialized an
{¢aﬁi be the transition functions for L and {U,}. Let {s.} be a local represen-
tation for s. Thus s,=¢,gs5and ¢ 5=5,/55. But {s,/sg} is the set of
transition functions for the line bundle associated to the divisor of S. Q.E.D.

Using the Riemann-Roch theorem, Gunning has the

Proposition 4.4 [G, pp. 111-112]. (a) If ¢,(L)< 0 then y(L)= 0.

() If ¢,(L)=0 and L =M xC is the trivial line bundle, then y(L) = 1.

() If ¢,(LY=0and L#MxC then y(L)=0.

@) 1/ 0< c (L)< 2g ~2 then ¢ (L) - (g - 1)< y(L) < min (g, c (L) +1). Of
course, bere, g £ 0.

() If ¢,(L)=2g -2 and L =K, then y(L) = g.

() If ¢,(L)=2g-2 and L # K, then y(L)=g~1. Of course, here, g # 0.

@ If ¢,(L)>2g -2 then y(L)=c,(L)= (g = 1),

Since we are interested only in those L with y(L) # 0, we rule out (a) and
(c). However, in case (a), since c;(L)=-¢(L~1), we can still study L by
studying L=1, We remark here that in case (b), we always have WoMxC)=g.
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Example 2. If M has genus g =0, i.e. M= P, then all line bundles on P,
are of the form {™, m € Z, where { is the dual of the tautological line bundle on
P,,and ¢,({)=1 G, pp. 115-116). So ¢;(™) = m.

By Proposition 4.2, all W,({™) are empty, for 1 < k< m.

Example 3. If g =1, then for any line bundle L, with c,(L)> 0, case (g) of
the proposition gives y(L) = c(L). Write d for this common positive integer. Ac-
cording to Proposition 2.1, the number of zeros of A4 #-1is a2

If d=1, L must be a line bundle Cp associated with a unique (to L) point
divisor p in M. Then W (L)=1{p},and W (L)=g for k>1.

In order to discuss the case when d > 1, we first consider the mth tensor
power line bundle {7 = €p)y"s m e Z, m>1. Then ¢,({7) = m and y({}) =
cl(C’;') = m, by (g) of Proposition 4.4.

Proposition 4.5. p is not in Wk.(é";’) forall 0<k<m-1. p isin Wm_l(é’;').
p is not in Wk((.";') for all k> m.

Proof. s': is a section in F(C'p"), which vanishes only at p with order m.

Let k be an integer satisfying k> 1. It is known (see [G, p. 121 J) that
there is a meromorphic function f, , on M whose only singularity is a pole at p
of order exactly k if and only if & is a nongap numher. On the other hand, since
g =1, M does not have any Weierstrass points for the canonical bundle since the
total number is (g + 1)g(g = 1). So the only gap number for any point is 1. Thus
the meromorphic functions /p, & exist for every p and every k> 1.

So, for 1 < k< ms f, s, is a homomorphic secti'on of {7 It vani'shes at p
of order m = k,where 0< m—-k<m-1. Thus j’;"‘ : F(C’g) —»]';"k (CZ") is
surjective forall m- %', 0<m-k'<m-1, and p is not in Wm-k'(c’;‘) for all
such &',

Since the set of m sections {s7,/ 25yt /p'ms'g} has distinct vanish-
ing order at p, they must give a basis for I"(C’p”-). Then it is clear thar ™~ 1:
INGOREY ko l({’p") is not surjective and that when k=m and R =m+1>
y(é;") = m; we have j7: ['(¢7)— ]p(é';) is injective so that p is not in Wk(C;')
for k>m. Q.E.D.

Now, consider an arbitrary line bundle L with y(L)=c (L)=d>2. Let b
be any point in M.

Consider the line bundle LC},"d, which has cl(LC;'d)= 1. From the case
above when d =1, we see that there is exactly one p in M such that LC},"{ =
{p, from which we get L = §p{g' 1

If p=>bthen L= C‘Z and from Proposition 4.5, b is not in Wk(L) when & #£
d-1 and b is in wd-l(L)°
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If p#b then, letting S, be a nontrivial section of é'p, Sy does not vanish

at b (it vanishes exact by at p). Thus, considering the basis s b 1,

/b,zsb-l' XY AP ls‘g' 1, of I"(C‘Z' 1), we get d -1 linearly independent
elements B = {spsb' , squ'zs:‘l,. . sp/b'd_lsd"ll of P(épé‘;' L), To
find a basis for I'(¢ péi- ) we need to select one more element of F(Cpgg'l)
which, together with the d — 1 elements in B, forms a linearly independent
set. Let s’ be any section in F(dpgz'l) not lying in the span of B in
F(Cpég'l). Then thete is an s which is s’ minus some linear combination
of the elements of B, which vanishes at b with order v, (s) and Vb($)=
d-2 or v,(s)>d-1. S cannot vanish at b with order larger than d by
Proposition 4.1 since then d=c,(L)= Eup(s) 2v,(s)>d. Sov,(s)=d-2
or v,(s)=d. Butif v,(s)=d then s vanishes only at b and with order 4,
so that by Proposition 4.3, L = {g which contradicts the assumption p # b.
Thus v,(s) =d -2,

From knowing s and the set B, it is clear that j: : P((t,(‘g' h,
]"(41,6‘;' 1) is surjective for k< d-1 and injective for k>d—-1. Thus b
is not in any W,(L).

A minor modification of the above yields the same result for L with
d=2,

Thus we have shown

Proposition 4.6. If c¢,(L)=y(L)=d>1, then for each b in M, there is
a unique p in M such that L = CP{‘Z'I, b is not in Wk(L) for ktd-1,
and b is in Wd-l(l‘) if and only if p = b.

Example 4. Similar arguments give the following (not as nice) results
for line bundles L on Riemann surfaces of genus g=2.

If ¢,(L)=1, then y(L)=0 or y(L)=1 (Proposition 4.2). I y(L)=1,
then WO(L) consists of one point p and L= CP. Also, Wk(L)= & for all
k=0,

If c(L)=2 then either L is or is not the canonical line bundle K of M.

If L =K, then y(K)= 2 (Proposition 4.2). From classical results (see
[G, p. 229]) we know that M is hyperelliptic, there are six distinct points w;,
1<i<6,in W, (K), and there are no points in W, (K) where &k #1. We
point out also that for each p in M, there exists exactly one ¢ in M such
that K=, ,and that p =g if and only if it is in W,(K).

If ¢(L)=2 and L # K,then y(L) =1 (Proposition 4.2) and L = é'pﬁq,
where p and g are unique. Then for p # ¢, we have W(L)=1{p, g} and
W (L)=g for k#0. If p=gq then Wy(L)=W,(L)=1{p} and W (L) =g for
k£0,1.
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If c,(L)=d>2,then y(L)=d -1 (Proposition 4.2). Then there are 2(d-1)?
poiats in W,_,(L) (counted with multiplicities as zeros of A9~ #=2), To find these
points, we proceed by noting that, for any point b in M, L - {i'd has Chern
number 2 and L - C:'d =( p€ . Where p and g are unique if and only if 4 p{ g i8
not the canonical bundle. By examining cases, we have the following possibilities.

Either b is not in W,_,(L), or, one of the following occurs:

1) L= C‘; where b is in W (K). Then b is in Wd_s(L) (and hence
W;_,(L)) and is not in W, (L), k<d-3. b isalsoin W,_,(L) but not in W,(L).

@) L= Ci(‘g'z where w is in W,(K) and b is not in W (K). Then b is in
W,_ (L) (and hence in W,_,(L)) but not in W, (L), k<d-3. b is not in
W,y (L)

(3) L=¢,{f"" where p£band {,{, #K. Then b is in W,_,(L) and not
in Wk(L), k<d-2. bisnotin W,_,(L)

4) L= é‘; where b is not in W (K). Then b is in W,_,(L) and not in
We(L), k<d-2. bisin W,_;(L) and not in W,(L).

If there are n; distinct points b for which L can be represented in case (i)
for 1 < i <4, then after examining the vanishing behavior of Nd-1 1“'2 at
points of each type, we have

3y +2ny +my + 20, = 2d = 1) > 0,

4.4. In the next example, we examine complex analytic manifolds of higher
dimension and Weierstrass points for their canonical bundles. The canonical
bundlé K is but one of a number of bundles whose invariants are important to the
manifold in the classification of its complex structure, some others being the tan-
gent bundle T, the cotangent bundle T*, their products (tensor, symmetric, ex-
terior) and their associated k-jet bundles. The Weierstrass point behavior of
these bundles (such as the codimension of the W,) can help to classify them.

Example 5. We discuss the Weierstrass points of the canonical bundle of a

hypersurface in 7 + 1 dimensional complex projective space Pn 41

Proposition 4.7. If V is nonsingular (algebraic) irreducible hypersurface of

degree d in P, 410 | is the byperplane line bundle on P, ., and k,, is the ca-

n
nonical bundle on V, we have T'(V, kv) ~ l_'(PM,1 , ld'('“’s)).

Assume now that d>n + 2.
The general section of 1?~"*+2) js given by a homogeneous polynomial of
degree d~ (N +2) in the homogeneous coordinates zj,:++,z,,,: (using multi-

. . _ ,_L . .
index notation) s = EI pl=d=(ns2)%% To get the representative of s in the
local coordinate system on U, the set of points in P, +1 With homogeneous

coordinate Z, £ 0, take s; = s/ztii-(n.;z ),
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=(n+2)y : =
The dimension of P(Pn“,’d n+2)) is thus Yk)=Cln+m+1,n+ 1)

=Cd-1,n+1), where m=d - (n+ 2).
Then, we have the

Proposition 4.8. For k< m, R, = Cln+k,n)<ylk))=Cla+m+1,n+1)
and W, (V)= .

The next step then is to consider whethera p in M is in W,_ (k)

To examine this further, consider the homogeneous polynomial degree d,
P(z) = 21.":61 z?, where d > n+ 2. After some work, we have the following results:

If n=1,and d=4,then m=1 and we have W(k,)=W, (k)= &, W,(k )
={(1, 0, a), (0,1, a),(1, a, 0): where 4 is a fourth root of -1}. R,=3=y(k,).

Ifn=2,and d=5, then m=1 and we have Wy(k,)=W,(k,)= &, W,k )=
{1, 0,0, a), (1, 0, a, 0), (1, a, 0, 0), (0, 1, 0, a), (0, 1, a, 0), (0, 0, 1, a):
where a is a fifth root of -11. Here, R, =6> y(kv)= 4>R,=3.

If n=2,and d=6, then m =2 and we have W,(k,)=W, (k) =W,(k,) =2,
and W,(k,) is a reducible divisor. Here R, =10= (k).

4.5. Example 6. In this example, we note that

Proposition 4.9. The tangent bundle of projective space of n dimension
bas W, (TP )= & for all k.

Furthermore, we remark that if M is a homogeneous space and E is a
homogeneous vector bundle over M, then for any invariant subspace H of I'(E),
for example I'(E), we have W, (H) is equal to either all of M or the empty set.
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